Abstract. We show that the Kac-Paljutkin Hopf algebra appears as a quotient of C(SU−1(2)), which means that the corresponding quantum group GKP can be regarded as a quantum subgroup of SU−1(2). We combine the fact that corepresentation category of the Kac-Paljutkin Hopf algebra is a TambaraYamagami tensor category associated with the Krein 4-group and the method of graded twisting of Hopf algebras, to construct the Hopf * -homomorphism.
Introduction
The theory of operator algebras emerged from quantum mechanics in the study of Murray and von Neumann to give it a mathematical framework. In this theory, the Gelfand-Naimark theorem states that a commutative operator algebra (unital C * -algebra) is isomorphic to the algebra of continuous functions on some compact space. According to this fundamental result, a general operator algebra can be seen as an algebra of continuous functions on a hypothetical "noncommutative" compact topological space.
The next step is constructing additional structure to such objects. One example is the theory of compact quantum groups carried out by Woronowicz, which gives additional "group structure" on such spaces [11] . The most important example is the quantum SU q (2), constructed in [12] . This gives a one parameter deformation of the algebra of functions on the compact group SU (2) as a C * -algebra with the coproduct, which explains the group law on the noncommutative space SU q (2) . The case of q = 1 corresponds to the algebra of SU (2). Parallel to Woronowicz's work, Drinfeld and Jimbo defined qdeformation of semisimple Lie groups, which are new Hopf algebras, by deforming universal enveloping algebras of semisimple Lie groups through the algebraic study of quantum integrable systems. The C * -algebra of SU q (2) contains a dense Hopf * -algebra of matrix coefficients of unitary corepresentations, which can be regarded as the Hopf dual of the Drinfeld-Jimbo q-deformation Hopf algebra. A significant feature of Woronowicz's construction is that the negative range q < 0 is allowed, which is different from naively setting q to be a negative number in the Drinfeld-Jimbo construction. In particular, a concrete description for q = −1 is given by Zakrzewski's realization of C(SU −1 (2) ) as a C * -subalgebra of M 2 (C(SU (2))) [14] . This technique is also useful for computation in K-theory of algebra C(SU −1 (2)) [1] .
In this paper, we are interested in the quantum subgroups of SU −1 (2) . An pioneering study was carried out by Podleś [7] , who investigated the subgroups and the quotient spaces of quantum SU (2). The complete classification of quantum homogeneous spaces over SU q (2) realized as coideals is obtained by Tomatsu [9] , inspired by Wassermann's classification of ergodic actions of SU (2) [10] . Their results give classification in terms of graphs. According to the McKay correspondence, the homogeneous spaces for SU (2) is classified by the extended Dynkin diagrams, and their results provide very similar picture. By Woronowicz's Tannaka-Krein duality [13] , a compact quantum group G can be recovered from their representation category Rep G, the C * -tensor category of finite unitary representations, and the fiber functor. The SU q (2) is special in this respect, because its representation category has a universality for the fundamental representation and the associated morphism which solves its conjugate equations. The Tannaka-Krein duality for compact quantum homogeneous spaces over a compact quantum group G, established by De Commer and Yamashita, says that such homogeneous spaces correspond to module C * -categories over Rep G. Such module categories can be also described in terms of tensor functors from Rep G to a category of bi-graded Hilbert spaces [3] , the quantum SU (2) case explained in detail in [4] . The universality of the representation category of SU q (2) implies that the quantum homogeneous spaces over SU q (2) are classified by graphs, generalizing the McKay correspondence.
The Kac-Paljutkin Hopf algebra was introduced by Kac and Paljutkin as the smallest example of semisimple Hopf algebras which is neither commutative (function algebra of finite group) nor cocommutative (group algebra of finite group) [5] . In this paper we show that this algebra appears as a quotient of C(SU −1 (2)). Conceptually, the corresponding quantum group G KP can be regarded as a quantum subgroup of SU −1 (2) , and quotient map of Hopf algebras is "restriction" of functions.
A key fact for us is the corepresentation category of the Kac-Paljutkin algebra can be realized as a Tambara-Yamagami tensor category [8] associated with the Krein 4-group,
We use the graded twist method of Bichon-Neshveyev-Yamashita [2] as another crucial technique to obtain Hopf * -homomorphism from C(SU −1 (2) ). This twisting gives a useful description of the Hopf algebra C(SU −1 (2)) as a deformation of the Hopf algebra C(SU (2)), suited to study of its Hopf quotients. We apply their method for describing quantum subgroups of a compact quantum group obtained as the graded twisting of a genuine compact group. This paper is organized as follows. Section 2 is a preliminary section on compact quantum groups, the Tambara-Yamagami tensor categories, and the graded twisting of Hopf algebras. We also recall a presentation of the Kac-Paljutkin algebra following Tambara-Yamagami. Lastly in this section, we describe the construction of the graded twisting of Hopf algebras and then recall that the Hopf algebra C(SU −1 (2) ) is isomorphic to the graded twisting of C(SU (2)). In Section 3, we give a realization of Kac-Paljutkin Hopf algebra as a quotient of C(SU −1 (2) ). An essential ingredient in our computation is comparison of the two different kinds of projective representations of the Krein 4-group. In Section 4, we describe the associated coideal which is one of the type D * 4 discussed in [9] , which is also suggested in [7] .
2. Preliminaries 2.1. Compact quantum groups. For general theory of compact quantum groups, we refer to [6] . When we deal with C * -algebras, the symbol ⊗ denotes the minimal tensor product.
Definition 1.
A compact quantum group is a pair (A, ∆) of an unital C * -algebra A and an unital * -homomorphism ∆ :
(cancelation property) the spaces
Example 2. Let G be a compact group. Then a compact quantum group (A, ∆) can be constructed as follows. An unital C * -algebra A is the algebra C(G) of complex valued continuous functions on G. In this case A ⊗ A can be identified with C(G × G) so the comultiplication ∆ :
Any compact quantum group (A, ∆) with abelian A is of this form. Therefore we write (C(G), ∆) for any compact quantum group G. Definition 3. Let q be a real number, |q| ≤ 1, and q = 0. The quantum SU (2) group SU q (2) is defined as follows. The algebra C(SU q (2)) is the universal C * -algebra generated by α and γ such that
The comultiplication ∆ is defined by
Explicitly, we can write this comultiplication as
From now unless we want to be specific about q we write u ij for u q ij . If q = 1 then we can get the usual compact group SU (2). For q = 1 the compact quantum group SU q (2) can be considered as deformations of SU (2). Definition 4. Let F ∈ GL n (C), n ≥ 2, such that F F = ±I n , where F denotes the matrix with complex conjugates in every entries of F . The algebra
The comultiplication ∆ :
This compact quantum group O + F is called the free orthogonal quantum group associated with F . We note that SU q (2) is an example of the free orthogonal quantum group by taking the matrix
0 .
Tambara-Yamagami tensor category.
One of the Tambara-Yamagami tensor categories [8] arising from the Klein 4-group K 4 = Z/2Z ⊕ Z/2Z is realised as the category of representations of the Kac-Paljutkin Hopf algebra [8] . Let us recall that the elements in the notation of [8] of K 4 = {e, a, b, c} satisfies the relations a 2 = b 2 = c 2 = e, ab = c, bc = a, ca = b. What we focus on is the tensor category C(χ, τ ) corresponding to the nondegenerate symmetric bicharacter χ = χ c of K 4 which is defined by
and the parameter τ = 
so S is the set of irreducible classes of C(χ, τ ). Tensor products of elements in S are given by
and the unit object is e. Associativities ϕ are given by
for s, t, u ∈ K 4 . This category is identified with the representation category of Kac-Paljutkin quantum group G KP , that is
as tensor categories. Here (C(G KP ), ∆) is the Kac-Paljutkin algebra, that is, the eight dimensional Hopf algebra which is the noncommutative and noncocommutative algebra. It is given by
as an ( * -)algebra. The comultiplication ∆ :
for projections , α, β, γ and x ∈ M 2 (C), where ij are the matrix units in M 2 (C) and
2.3.
Graded twisting of Hopf algebras. Let us describe the graded twist construction [2] . The algebra C(SU (2)) of continuous functions on the compact group SU (2) can be identified with the space n∈N H n/2 ⊗ H n/2 , where H n/2 ⊗ H n/2 denotes matrix coefficients of the irreducible representation of SU (2) of dimension n + 1. Half integers {n/2} n∈N can be divided into integers {0, 1, 2, 3, . . .} for n even and others {1/2, 3/2, 5/2, . . .} for n odd. Thus the space above can be decomposed as
The component with even n forms the algebra of continuous functions on SO(3), so we denote the whole space by C(SO(3)) ⊕ C(SU (2)) odd . Let {e 1 , e 2 } be an orthonormal basis of H 1/2 . Unit vectors e i ⊗ e j in H 1/2 ⊗ H 1/2 ⊂ C(SU (2)) odd are denoted by u ij .
Consider an action α of the group Z/2Z on the Hopf algebra C(SU (2)) defined by
for the generator g of Z/2Z. Next take the crossed product C(SU (2)) α Z/2Z of the Hopf algebra. Define the graded twisting of C(SU (2)) by α as the subalgebra of crossed product
Generators u ij λ g in C(SU (2)) t,α are denoted by u ij . It follows that the matrix (u ij ) 2 i,j=1 becomes unitary because (u ij ) 2 i,j=1 is an unitary matrix. They satisfy the same relations as the generators of C(SU −1 (2)). Indeed,
, so that the matrix (u ij ) 2 i,j=1 can be described as
Moreover, images of u ij by the comlitiplication ∆ on C(SU (2)) t,α are given by
Thus we obtain an isomorphism of Hopf algebras
by mapping u ij in C(SU (2)) t,α to u (−1) ij in C(SU −1 (2)).
Realization of Kac-Paljutkin Hopf algebra as a quotient
Besides the formulation of graded twist, [2] provided a method for describing quantum subgroups of a compact quantum groups obtained as the graded twisting of a genuine compact group. Let us apply their method to our compact quantum group SU −1 (2).
Proposition 5 ([2, Example 4.11])
. A quantum subgroup of SU −1 (2) with noncommutative function algebra corresponds to a closed subgroup of SU (2) containing {±I 2 }, being stable under the Z/2Z-action defined in (2) and containing an element 
Take a subgroupṼ of SU (2) generated by
They satisfy relations s 2 i = −I 2 for i = 1, 2, 3 and s 1 s 2 = s 3 = −s 2 s 1 . It is the group of order eight with elements ±s i for i = 1, 2, 3 and ±I 2 . This subgroupṼ is related to the Klein 4-group K 4 via an isomorphismṼ /{±I 2 } K 4 . This subgroup satisfies the conditions mentioned in the above proposition. Namely, s 2 i = −I 2 for i = 1, 2, 3 soṼ has the elements ±I 2 . Since α g transforms the elements
V is stable under the Z/2Z-action. The element s 1 inṼ gives an example of an element of the form in (4) .
Consider the graded twisting C(Ṽ ) t,α = C(Ṽ ) even ⊕ (C(Ṽ ) odd · λ g ) of the Hopf algebra C(Ṽ ) of continuous functions onṼ .
We are now ready to state our main result.
Theorem 6. There exists a surjective Hopf * -homomorphism from C(SU −1 (2)) to C(G KP ). It can be constructed by a composition of the Hopf * -isomorphism C(SU −1 (2)) → C(SU (2)) t,α , a surjective Hopf * -homomorphism C(SU (2)) t,α → C(Ṽ ) t,α , and the Hopf * -isomorphism
There is a surjective homomorphism C(SU (2)) t,α → C(Ṽ ) t,α , it represents a quantum subgroup of SU −1 (2).
Proposition 7. The Hopf * -algebra C(Ṽ ) t,α is noncommutative and noncocommutative.
Proof. Indeed, if we take a product of an element δ s 1 + δ −s 1 in C(Ṽ ) even and an element (δ s 2 − δ −s 2 )λ g in C(Ṽ ) odd · λ g in this order, then we have
On the other hand,
which shows noncommutativity of C(Ṽ ) t,α . Furthermore, the coproduct on C(Ṽ ) t,α is induced by
for h ∈Ṽ and (3). Using it we can see that the comultiplication ∆ on C(Ṽ ) t,α is noncocommutative by observing that ∆((
This concludes the proof.
Proof of Theorem 6. The only thing we need to describe is a concrete isomorphism of Hopf algebras
for projections , α , β , and γ such that the triplet (α , β , γ ) is obtained from permutation of the triplet (α, β, γ) by the following mapping
Applying this mapping, we can see that formulas for images of elements in C(Ṽ ) t,α by the comultiplication ∆ gr is given by
for projections , α , β , γ and x ∈ M 2 (C), where ij are the matrix units and
We can observe that these unitary matrices w α , w β and w γ are transformed to unitary matrices u γ , u α and u β in the formula of ∆ G KP respectively, by taking adjoint by a unitary matrix
Moreover, ∆ gr ( ), ∆ gr (α )
4. Rep SU −1 (2)-module homomorphisms 4.1. Further preliminaries. In the following we assume that C is a C * -tensor category and 1 denotes the unit object in C. For details, we refer to [6] .
Definition 8. A representation of a compact quantum group G on a finite dimensional vector space The 1-dimensional corepresentations of (C(G KP ), ∆ G KP ) are following.
The oriented graph with weights corresponding to the representation category Rep(G KP ) is in Figure  1 . Each vertex corresponds to an irreducible object in Rep(G KP ) with labeling corresponding to the convention of Section 2.2. Total weights on the oriented edges starting from one vertex is equal to 2. See [4] for the interpretation of the weights of this graph. Definition 9. Assume (U, H U ) and (V, H V ) are finite dimensional representations of a compact quantum group G. Then an operator T :
The space of intertwiners from U to V is denoted by Mor(U, V ). A representation (U, H U ) is irreducible if Mor(U, U ) = C.
Let U ∈ M 2 (C(G KP )) be the fundamental representation u i of G KP (7) . Its tensor product U ⊗ U decomposes into 4 i=1 P i ⊗ u i wth mutually orthogonal matrices
Definition 10 (e.g., [3] ). Let D be a C * -category. Then (D, M, φ, e) is a left C-module C * -category if M is a bilinear * -functor C×D → D with natural transformations φ :
and e : M (1, −) → id satisfying certain coherence condition. We often abbreviate this left C-module C * -category as D.
When we write U ⊗ X for M (U, X), then the condition is described as the commutative diagrams below.
Example 11. Let G be a compact (quantum) group, and H be a closed (quantum) subgroup of G.
Then Rep H is a Rep G-module C * -category. For π ∈ Rep G and θ ∈ H, π ⊗ θ is defined by π| H ⊗ θ. The restriction functor Rep G → Rep H induces this module category. We are particularly interested in the case of G = SU −1 (2) and H = G KP . 
A Rep G-module homomorphism for a compact quantum group G corresponds to the Hopf homomorphism which define the action of G.
Concrete computation.
Unitary maps ψ consisting a Rep SU −1 (2)-module homomorphism (G, ψ) together with a functor G : Rep G KP → Hilb f can be given by solving equations provided by the interpretation of conditions on the natural equivalence ψ in terms of bigraded vector spaces [3, 4] .
From the information in the graph in Figure 1 we can write up the q-fundamental solution in Rep G KP . Recall that IrrG KP = K 4 ∪{ρ}. The bigraded vector spaces associated with the Rep SU −1 (2)-module category Rep G KP are denoted by H ρg and H gρ for g ∈ K 4 = {e, a, b, c}. They are all one dimensional so we write unit vectors as ξ ρg ∈ H ρg and ξ gρ ∈ H gρ . Therefore the q-fundamental solution R in Rep G KP is described by the vectors √ 2ξ gρ ⊗ ξ ρg , 
From the projections P i ∈ M 4 (C) in the tensor product of fundamental representation U of G KP with itself U ⊗ U = 4 i=1 p i ⊗ u i , we can compute the maps ψ g , ψ ρ concretely. Let {ξ 1 , ξ 2 } be an orthonormal basis of H ρ . Proof. We show that the equation (id ⊗ψ g )(ψ ρ ⊗ id)(id ⊗ R)(ξ g ) = (R ⊗ id)(ξ g )
holds for the unit vector ξ g in H g in the case g = b.
On the right hand side we have (R ⊗ id)(ξ b ) = (e 1 ⊗ e 1 + e 2 ⊗ e 2 ) ⊗ ξ b , while on the left hand side we have
= e 1 ⊗ e 1 ⊗ ξ b + e 2 ⊗ e 2 ⊗ ξ b .
Therefore, (8) for g = b holds. Other cases can be shown similarly.
